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A general framework for studying compactifications in supergrsa/ity and string theories 
was introduced by Candelas, Horowitz, Strominger and Witten q. This was further gen- 
eralised to take into account the warp factor by de Wit, Smit and Hari Dass q. Though 
the prime focus of the latter was to find solutions with nontrivial warp factors (shown 
not to exist under a variety of circumstances), itiwas shown there that de Sitter com- 
pactifications are generically disfavoured (see also 13). In this note we place these results 
in the context of a revived interest in de Sitter spacetimes . 

1. Introduction and preliminaries. 

There is renewed interest in de Sitter spacetimes both from the microscopic 
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quanturn gravity point of view □ as well as from the macroscopic cosmological point 
of view B. This interest has been triggered on the one hand by cosmological ob- 
servations pointing towards an accelerating universe and on the other hand by a 
variety of conceptual issues with de Sitter quantum gravity. Models for explaining 
an accelerating universe make use of either a cosmological constant of the right sign 
or exotic matter(also called quintessence) which can provide negative pressure. It is 
also possible to invoke both. The interesting question is whether Superstring and 
Supergravity theories can naturally accommadate either or both of these. 

A lot of progress has been made in our understanding of supergravity and su- 
perstring theories. Nevertheless, attempts to confront these developments with the 
known phenomenology of elementary particles have not been easy. In a pioneering 
work, Candelas et al El set up a general framework to analyse the ground state con- 
figurations of such theories which admit compactification of the higher dimensional 
theories into a four-dimensional Minkowski spacetime and an internal manifold usu- 
ally taken to be compact. More generally they looked for compactifications of the 
type 

M d -> M 4 x M d ~ A 



f, 



where M d 4 is a compact space and 
(anti-)de Sitter). In Candelas et alL! 

9mn{x,v) 



4 is maximally symmetric space-time (Minkowski, 
this was done by taking 





9mn(y) 



(1) 
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However, the most general metric (in suitable choice of coordinates) □ is of the form 
(A>0) 

*™(*'*>=( {V r uU 9mn (y)) ® 
The corresponding vielbein (upto a tangent space rotation) is 



We have addressed the issue of the restrictions placed on M 4 from the higher di- 
mensional Einstein's equations on the one hand(sec.2) and from requirements of 
residual supersymmetry on the other(sec.3). In the case of the former what is re- 
ally required is to split the higher dimensional equation into its four-dimensional 
counterpart as well as the d — 4-dimensional counterpart. The technical ingredients 
required for this are outlined in Appendix A. An important step in this direction is 
a general categorisation of energy-momentum tensors; all the known supergravity 
theories come under this class. It is then shown that the compactness of the internal 
manifold imposes severe restrictions and the most important consequence is that 
de Sitter compactifications are ruled out. The analysis of residual supersymmetry 
is in itself not very restrictive but when combined with Bianchi identities they too 
turn out to give the same restrictions. Because of the very general nature of our 
considerations, it would be very hard to evade our conclusions. In sec. 4 we have 
analysed the extent to which the compactness of M d ~ A can be relaxed. 

2. On-shell analysis. 

We start by writing down the higher-dimensional Einstein equations: 

Rmn — -^9mnR + Tmn = (4) 

equivalently 

Rmn + Tmn — 3 — ^9mnT = (5) 

In these equations Tmn is the higher-dimensional stress tensor and T the higher- 
dimensional trace of it. On using the maximal symmetry of M 4 (see eqn(A.8)) one 
finds 

f = U + T (6) 

Decomposing the higher-dimensional Einstein equation into its 4-dimensional and 
6-dimensional parts: 

3mj - I A D m (A" 3 d m A) + « d ~ = (7) 

R mn - 2A 1 / 2 D m (A- 3 / 2 a„A) + T mn - 9mn ( 2_±3. = ( 8 ) 
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We now consider a class of energy-momentum tensors that are quadratic in p-forms 
F M -x..M p (l<p<d-l): 

Tmn = ^mn 
p 

= pF MQl .. Qp ^- Q ^ - 9 -fLP Ql .. Qp F^» (9) 

Such energy-momentum tensors occur for antisymmetric gauge fields (F is the co- 
variant field strength) (3 < p < d — 3),Yang-Mills field strengths (p = 2,d—2), and 
scalar fields (p = l,d—l). All the supergravity theories considered here have energy 
mimentum tensors of this type 0. In compactifications with a maximally symmetric 
4-dimensional spacetime the nonvanishing components are 

Fjn\...m,p — ^mi...m p 
Ffxvpani\ ...m p -4 — i& ^\iupo Jra\ . . .m p — 4 (P ^ 4) (10) 



This leads to 



Tmn ~ pF mqi ..q v _ 1 F^ 



PC A 4 f f?i-9p-5 
^5 J mqi..q p -sJ n 



mqi-.qp-i- 1 n 

mqi..q p -5Jn 

■\g mn (F 2 - p C, A 4 / 2 ) 



t {p) = -\{F 2 + P C* 4 A 4 / 2 ) (11) 



so that 



(d-6)i (p) -T^ = -{p-l)F 2 

-fC 4 (d-p+l)A 4 / 2 (12) 

The crucial point is that this is negative for 2 < p < d — 2 and zero for p = 1, d — 1. 
Even though we have considered compactifications of the type M d ~ 4 x M 4 all the 
remarks generalise to the M d ~ D x M D cases also. 

We now rewrite the four-dimensional field eqn (0) as 

3m| D m (A- 3 d m A) A- 2 ((d-6)t-T) _ n 

"A" 2 + d~2 ~ U {l6) 

and integrate over the compact internal space. On using the negativity of (d—6)t — T 
and the fact that the integral of the divergence is zero one finds 

raj > (14) 

Which means that the de Sitter case (ml < 0) is ruled out!. If we had started 
with higher dimensional Einstein's equations with a cosmological constant A(our 
conventions are : A > is de Sitter), this condition would become 
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If the higher dimensional theory is Anti-de Sitter (A < 0), the four dimensional 
world can only be anti-de Sitter. 

Returning to the analysis without A, if M 4 is (flat)Minkowski spacetime one 
gets further restrictions 

m\ = -» (d - 6)^ p > - = (16) 

Consequently 

D m (A- 3 d m A) = -» A = const. (17) 
The field strengths are also constrained by eqn(|l6|): 

F Mi ..m p =0 2<p<d-2 (18) 

It should be noted that to arrive at eqn ( |l4| ) it is not mandatory that M 6 has to 
be compact; it suffices for A(y) and the various field strengths to have appropriate 
asymptotic fall off conditions. This point will be elaborated later. 

The derivatives of A do not always occur as in eqn (|l3|). In later applications 
the following remark will be of importance: if /(A) is a positive function and a, b 
are arbitrary constants (6^0), then 

f(A)[a(d m A) 2 + bd m d m (ln A)] = g(A)d m X m (19) 

where g(A) is another positive function 

5 (A) = /(A)A- a / b (20) 

and X m is the vector: 

X m = 6A^ 9 m A (21) 

3. Residual Supersymmetry. 

In the previous section we analysed the Einstein's equations to address the issue 
of possible compactifications. One may not want to impose classical field equations 
for a variety of reasons. In the context of string theory, for example, the zero-slope 
limit may yield corrections. Of course, these higher derivative corrections are very 
small in the long distance limit of these theories. 

Another point to keep in mind is the fact that it is desirable for compactifications 
to maintain some residual supersymmetry to control quantum fluctuations or solve 
the so called hierarchy problem. 

In what follows we shall use only the On-shell supersymmetry transformations. 
These along with Bianchi identities are shown to imply contracted field equations 
though not the full ones. Nevertheless these are quite restrictive. 

It is actually desirable to use Off-shell supersymmetry transformations. But off- 
shell formulations of supersymmetry are very difficult to obtain. They are available 
only for type-I supergravity theories without super- Yang-Mills multiplets. 
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In the next few subsections we illustrate how considerations of residual super- 
symmetry when used in conjunction with suitable Bianchi identities turn out to 
be almost as restrictive as the on-shell analysis of the previous section. Since only 
on-shell supersymmetry transformations are used this will amount to something in 
between a fully off-shell analysis and an on-shell analysis. It should be emphasised 
that if full supersymmetry is used as versus residual supersymmetry one would just 
recover the full bosonic field equations. 



3.1. d = 10, N = 1 Supergravity. 

The field content of this theory, also called d = 10, N = 1 Einstein-Maxwell 
supergravity, is: the zehnbein E^, the gravitino field ^m, a field strength Hmnp, 
a scalar field 4> and a spinor field A. In addition one has the field strengths F^ IN 
and spinors \ A f° r the Yang-Mills multiplet. 

The fermionic supersymmetry transformations modulo terms of higher order in 
the fermionic fields are: 

m M = D M e+^e 2 <f-(r» p Q -95%T p Q)H NPQ e 

5X = {V2Y M D M ^+ l -e^Y MNP H MNP )e 
o 

Sx A = -\F^ N T MN e (22) 

As we will be working in a background where all fermion fields vanish, the terms 
higher order in the fermion fields do not matter. On using eqn (|^) we can write 
these as 



= D^e - z 7M 75A~ 1/2 Te 
/2 

H m = D m e+^e 2 *(T m H-l2H m )e 

SX = (V2iT m d m (f> + \ie 24> H)e 
8 

S X A = -\F* n T mn e (23) 



where 



T = -ijr-cUnA + ^e 2 ^ 
4 m 32 

H = H mn PT mnp H m = H mn PT np (24) 

The detailed analysis of this theory can be found in i. Here we will only highlight 
the main line of reasoning. The integrability condition for Sip^ — is (after use has 
been made of the maximal symmetry of M 4 ): 

(T 2 + im 2 A)e = (25) 
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Combining this with the SX equation one finds 

i-V2 { r m 9 m (0+ilnA),e 2 ^}e 
o4 2 

= -iAK_ am(A -i/V )a m (A -i/2 e -0 ))e (26) 

The matrix multiplying e on the l.h.s is antihermitian which can only have imaginary 
eigenvalues. Thus the real eigenvalue occurring in eqn ( p6[ ) must be zero: 

m 2 = 9 m (A- 1 / 2 e*)9 m (A- 1 / 2 e-*) (27) 

In a compact space every function must have a maximum unless it is constant. 
Therefore 

77X 2 = -> A x/ V = const (28) 

Thus we see that in this case considerations of residual supersymmetry rule out both 
de Sitter and anti-de Sitter compactifications. 

For the allowed Minkowski case one can draw further conclusions. After a lot of 
algebra (see □ for details) one finds 

V2e^T mn ^(D m H npq + ±V2F* n F p A q ) v 
= (e 2 *(F£ n ) 2 +6e^H 2 -16D 2 0-64(d m <f>f)n (29) 

where rj is a commuting 6-dimensional spinor. The classical Bianchi identity for this 
theory is of the form: 

D m H npq + i V2F£ n Ff q = (30) 

Using this in eqn (j|^) one gets 

e 20 (^™„) 2 + 6e 4 ^H 2 - 16D 2 cj) - 64(cW) 2 = (31) 

Using the result of eqn ([l^) it is easily seen that 

d m <f> = 0; d m A = 0; F± = 0; H mnp = (32) 

It turns out that anomaly cancellations in this theory require the classical Bianchi 
identity of eqn (|3(]) to be modified to 

D[ m H npq ] = --V^F[ron-fpg] + ^[rnn^-pq] (33) 

where a is a constant fixed by the anomaly-free condition. Therefore it is no longer 
possible to obtain eqns ( |3l| , |32] ). As was done in B, some components of the gauge 
fields can be identified with the spin connection 

F[tnFp q] = 2V2aR$ n R; b q] (34) 
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Quite miraculously an alternate expression emerges out of the residual supersym- 
metry analysis: 

V2e^TDH 2 D 2 <f> 

32 V = I — 2(9 m 0) — ]n (35) 

Using this and eqns (|33|,^34|) one arrives at 



-e 



4 *iJ 2 ~ 2(<W) 2 - -£> m £W = (36) 
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Applying our earlier techniques to a compact M 6 one again gets the same conclu- 
sions as before. Also M 6 turns out to be Ricci-flat. 

3.2. Nonchiral d = 10, N = 2 Supergravity 

This is a theory that can descend from the d = 11, N = 1 supergravity theory. 
Therefore we analyse the latter. The field content of this d = 11 supergravity theory 
is an elfbein E M , a gravitino field \&m and a field strength Fmnpq- The Bianchi 
identity for Fmnpq is 

d[AiFpQRs] = (37) 

We leave out all the details (which can be found in i) and just state that the 
consequences of residual supersymmetry reduce to the condition 



^(r'"»"D,„F„„ + 2iA 2 T m d m J)e 



432 

r 2A F 2 2/ 2 A 4 (<9 m lnA) 2 £> 2 lnA- 

= {to?A — nj- + ^ i }e 38) 

1 4 216 (144) 2 3 6 ' V ' 

Again the l.h.s is proportional to the Bianchi identity for Fmnpq- Imposing this 
identity one is led to 

2a Finn, 2/ 2 A 4 (d m In A) 2 D 2 In A , , 

2 A _ J — + 7 = 39 

4 216 (144) 2 3 6 1 ' 

and our earlier techniques applied to a compact M 6 give the following: TTie de Sitter 
case m 2 < is ruled out. 

If one considers the flat Minkowski case (m 2 = 0) which is permitted by eqn ( |39| ) 
one can draw further conclusions i.e 

to 2 = — > A = consi, F mnp9 = 0. (40) 

Once again the result is that the warp factor has to be trivial for the Minkowski 
case. 

The anti-de Sitter case ( m\ > 0) is also permitted by eqn (|39|). But in this 
case no further restrictions can be extracted. Both the warp factor and the field 
strengths (F mnpq , /) can be nontrivial. In fact explicit solutions of this kind are 
known (for references see i) . 
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3.3. Chiral d = 10, N = 2 Supergravity. 

This ten dimensional theory (also called IIB) does not descend from d = 11 
supergravity theory. The field content of this theory consists of a zehnbein E M , 
a gravitino field 'I'm, a spinor field A, a complex field strength Gmnp, a self-dual 
field strength Fmnpqr, a complex vector Pm and a [/(l)-gauge field Qm- 

The selfduality condition for the field strength is: 

TP — KV tpSTUVW ( A -i\ 

FMNPQR — J^^tMNPQRSTUVWf l 4i J 

The Bianchi identities for both F, G take the form: 

5i 

d[MF N PQRS] = T^G[MNpG* QRS \ 
D[mGnpq] = ~P[mG*npq] (42) 

There are Bianchi identities for Qm, Pm also which can also be viewed as Maurer- 
Cartan equations associated with the coset space SU(1, 1)/U(1). 

9[mQn] = ~^P[mPn} 

D [M P N] = (43) 



3ml A - - (d m In A) 2 - 4/ 2 - = (44) 



One can solve eqns (j43|) to eliminate Pm, Qm in terms of two real scalar fields (the 
dilaton and axion). Once again we leave out all the details (which can be found in a) 
and just state the consequences of residual supersymmetry along with the Bianchi 
identities: 

D In A /„ , . n9 , „ 9 |G mi7 ,„| 

T 

Analysing this equation for compact manifolds shows that de Sitter case is ruled 
out. 

For the Minkowski case the additional consequences are 

A = const, f m = 0, G mnp = 0. (45) 

Further use of the Maurer-Cartan equations also yields Pm = and Ricci-flatness. 
For the anti-de Sitter case no such restrictions are implied by eqn (|4~4|). 

4. Asymptotic fall off in noncompact M 6 

The analysis presented so far has treated M 6 as a compact space. But with 
suitable asymptotic fall-off conditions the same conclusions can be reached even for 
noncompact M 6 . The volume of M 6 is J d e yy / detg mn . When this volume diverges 
we have the noncompact case. When M e is noncompact it is necessary that the 
integral J d e y\ / detg mn A~ 1 (y) exists for an effective four dimensional description to 
exist. If we introduce spherical coordinates on M e and take spatial infinity to be at 
Y — > oo where Y is the radial coordinate, it is clear that A -1 must fall off at least 
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~ Y~ 6 . A consistency check on this is provided by the divergence term in eqn 
This leads to a surface integral of the type J dS m A~ 3 d m A and this should vanish 
asymptotically. The fall-off of A -1 is indeed compatible with this. Now it follows 
that from eqn ( |l5| ) that t, T must fall of faster than A which is no problem at all. 
Under these fall-off conditions the conclusions previously reached on the basis of 
on-shell analysis for the compact case hold in the noncompact case as well. 

The generalisation of the analysis based on residual symmetry to the noncompact 
case works differently for the three cases considered in sec. 3. For the type-I case 
the condition in eqn ( p7|) was obtained without recourse to any compactness. In 
the noncompact case this equation can have nontrivial solutions. 

In order to extend the analysis of the nonchiral case of sec3.2 we use eqns 

©laH) to cast ccm © as 



F 2 2f 2 A 4 A 2 

m\A - -^SS. _ fLif_ _ ff_ D m A- 3 d m A = (46) 
4 216 (144) 2 6 v ; 

Dividing the whole equation by A 2 we find that extension to the noncompact case 
is exactly along the same lines as that of the on-shell analysis. 

Finally to extend the analysis of sec. 3. 3 to the noncompact case, note that by 
dividing eqn (Q) by A 2 one again verifies that the terms involving the derivatives 
of A fall off sufficiently fast and the conclusions reached for the compact case hold 
again. 

5. Conclusions. 

One sees that our analysis disfavours de Sitter compactifications in a variety 
of circumstances. Furthermore, when M 4 is flat-Minkowski, it also shows that the 
warp factor has to be trivial. The original analysis assumed that M 6 was compact 
but sec. 4 of this note shows how the analysis can be extended to the noncompact 
case. We had to be content with only the on-shcll supcrsymmctry transformations. 
It is desirable to find off-shell extensions. 

The present analysis should be extended to cosmological solutions where only 
the 3-geometry is taken to be maximally symmetric. There are indications that 
the solution space can be much larger in that case In addition to the issue 
of the cosmological constant one also has to address the issue of exotic energy 
momentum tensors i.e quintessence a. Whether quintessence can occur naturally 
in these theories is still an outstanding issue The implications of our results for 
models like the Randall-Sundrum model t2l should be investigated. 
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Appendix A 

In this appendix we give various formulae that are important for the analysis carried 
out in the main text. The anholonomity (Ricci rotation) coefficients for the vielbien 
of eqn(3) are given by 

^ab = ^ E A e b 9[mEn] (A- 1 ) 
The spin-connection in terms of is given by : 

w a/ B = 2^' 1 (^ab ~ ^bc ~ ^ca) (A-2) 
Finally, the higher-dimensional curvature tensor, denoted by R is given by: 

(>AB _ q , AB q , AB 0l AC ,CB i \ o\ 

It's nonvanishing components are (for details seei): 

= Rf„+le^ a eTA~ 3 g mn d m Ad n A 

Rmn = Rmn = d m W^ ~ 9 n ^m ~ 2u}^UJ^ (A. 4) 

The maximal symmetry of M 4 implies i 

= 2mle^ (A.5) 
We shall also be needing the higher-dimensional Ricci tensor: 

Rmn — RkPpEnaEb (A. 6) 
The nonvanishing components of this Ricci-tensor are: 

= R„u - \g%AD m (A- 3 9 m A) 

Rmn = Rmn - 2A 1 / 2 D m ^A-^ 2 d n A^j (A.7) 

Maximal symmetry of M implies that the components of the d-dimensional energy- 
momentum tensor Tmn have the form: 

Tuu = 9nvt = A^g^J 



Ti rp rp _ rnnrp / A 
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